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Boltzmann equation: the simplest example

Lint. = −µΦφ1φ2 (1)

Which processes contribute to φ1 evolution in the expanding universe?
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Boltzmann equation: unitary completion
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On-shell intermediate states
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Resonant dark matter annihilation
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Where it all comes from?

ρ =
∏

p
ρp =

1

Z
exp

{
−

∑
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pap

}
← Z =

∏
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1± fp
fp = Tr
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]

(30)

[Wagner ’91]

ρ′ = SρS† → (1 + iT)ρ(1− iT + iT iT − . . .) (31)

The collision term for the Boltzmann equation is obtained as Tr
[
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pap
(
ρ− ρ′

)]
/V4.

[McKellar, Thomson ’94, Blažek, Maták ’21b]
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Summary I.
• Unitarity may help in calculating reaction rates for the Boltzmann equation.

γeq
fi =

1

V4

∫ p∏
k=1

[dpk ] f eq
ik (pk)

∫ q∏
l=1

[dpl ]
(
− iTif iTfi +

∑
n

iTiniTnf iTfi + . . .
)

• Completing diagrams by all possible winding numbers accounts for quantum
statistics.

• Anomalous thresholds approximate thermal-mass effects in lower-order process
kinematics.

• There is no double-counting of on-shell intermediate states in fixed-order results.
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Imaginary kinematics in Feynman diagrams

iT∗
if − iTfi =

∑
n

T∗
nf Tni Tfi =

∑
diagrams

CfiKfi Cfi = C∗
if ,Kfi = Kif (32)

2 Im Kfi =
∑

n
K∗

fnKni (33)

[Cutkosky ’60; Veltman ’63]
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CP asymetries and unitarity constraints

S†S = SS† →
∑

f
|Tfi |

2 =
∑

f
|Tif |

2 for iT = S − 1 (34)

CPT symmetry → ∆|Tfi |
2 = |Tfi |

2 − |Tf̄ī |
2 = |Tfi |

2 − |Tif |
2 (35)

∑
f

∆|Tfi |2 =
∑

i
∆|Tfi |2 = 0 (36)

[Dolgov ’79; Kolb, Wolfram ’80, See also Hook ’11, Baldes, Bell, Petraki, Volkas ’14]

Tfi = CtreeKtree + CloopKloop

Tif = C∗
treeKtree + C∗

loopKloop

 ∆|Tfi |2 = −4 Im[CtreeC∗
loop] Im[KtreeK∗

loop] (37)

https://www.osti.gov/biblio/5982343
https://doi.org/10.1016/0550-3213(80)90167-4
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.84.055003
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CP asymetries and unitarity constraints

S†S → T = T † + iT †T (38)

∆
∣∣Tfi

∣∣2 = ∣∣∣T∗
if + i

∑
n

T †
fnTni

∣∣∣2 − ∣∣Tif
∣∣2 = −2 Im

[∑
n

Tif T †
fnTni

]
+
∣∣∣∑

n
T †

fnTni

∣∣∣2 (39)

[Kolb, Wolfram ’80]

No further on-shell cuts means T∗
if = Tfi → ∆

∣∣Tfi
∣∣2 = −2 Im

[∑
n

Tif TfnTni

]
(40)

∆
∣∣Tfi

∣∣2 = ∑
n

iTiniTnf iTfi −
∑

n
iTif iTfniTni (41)

[Covi, Roulet, Vissani ’98]

https://doi.org/10.1016/0550-3213(80)90167-4
https://doi.org/10.1016/S0370-2693(98)00135-X


CP asymetries and unitarity constraints

S†S → T = T † + iT †T (38)

∆
∣∣Tfi

∣∣2 = ∣∣∣T∗
if + i

∑
n

T †
fnTni

∣∣∣2 − ∣∣Tif
∣∣2 = −2 Im

[∑
n

Tif T †
fnTni

]
+
∣∣∣∑

n
T †

fnTni

∣∣∣2 (39)

[Kolb, Wolfram ’80]

No further on-shell cuts means T∗
if = Tfi → ∆

∣∣Tfi
∣∣2 = −2 Im

[∑
n

Tif TfnTni

]
(40)

∆
∣∣Tfi

∣∣2 = ∑
n

iTiniTnf iTfi −
∑

n
iTif iTfniTni (41)

[Covi, Roulet, Vissani ’98]

https://doi.org/10.1016/0550-3213(80)90167-4
https://doi.org/10.1016/S0370-2693(98)00135-X


CP asymetries and unitarity constraints

S†S → T = T † + iT †T (38)

∆
∣∣Tfi

∣∣2 = ∣∣∣T∗
if + i

∑
n

T †
fnTni

∣∣∣2 − ∣∣Tif
∣∣2 = −2 Im

[∑
n

Tif T †
fnTni

]
+
∣∣∣∑

n
T †

fnTni

∣∣∣2 (39)

[Kolb, Wolfram ’80]

No further on-shell cuts means T∗
if = Tfi → ∆

∣∣Tfi
∣∣2 = −2 Im

[∑
n

Tif TfnTni

]
(40)

∆
∣∣Tfi

∣∣2 = ∑
n

iTiniTnf iTfi −
∑

n
iTif iTfniTni (41)

[Covi, Roulet, Vissani ’98]

https://doi.org/10.1016/0550-3213(80)90167-4
https://doi.org/10.1016/S0370-2693(98)00135-X


CP asymetries and unitarity constraints

∆
∣∣Tfi

∣∣2 = ∑
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iTiniTnf iTfi −
∑

n
iTif iTfniTni (41)

[Covi, Roulet, Vissani ’98]
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Asymmetries with holomorphic cuts

S = 1 + iT Tfi = (2π)4δ(4)(pf − pi)Mfi (6)

S†S = 1 → iT † = iT − iT iT † (7)

|Tfi |
2 = −iT †

if iTfi = −iTif iTfi +
∑

n
iTiniTnf iTfi −

∑
n,k

iTiniTnk iTkf iTfi + . . . (8)

[Coster, Stapp ’70, Bourjaily, Hannesdottir, et al. ’21, Hannesdottir, Mizera ’22, Blažek, Maták ’21a]

https://doi.org/10.1063/1.1665443
https://doi.org/10.1007/JHEP01(2021)205
https://doi.org/10.1007/978-3-031-18258-7
https://link.aps.org/doi/10.1103/PhysRevD.103.L091302


Asymmetries with holomorphic cuts

S = 1 + iT Tfi = (2π)4δ(4)(pf − pi)Mfi (6)

∆|Tfi |2 = |Tfi |2 − |Tif |2 =
∑

n

(
iTiniTnf iTfi − iTif iTfniTni

)
(42)

−
∑
n,k

(
iTiniTnk iTkf iTfi − iTif iTfk iTkniTni

)
+ . . .

[Blažek, Maták ’21a, see also Roulet, Covi, Vissani ’98]

https://doi.org/10.1103/PhysRevD.103.L091302
https://doi.org/10.1016/S0370-2693(98)00135-X


Consequences for the asymmetry generation

∆ṅf1 + 3H∆nf1 =
∑

i

∑
f3f1

(
ni1
neq

i1

ni2
neq

i2
. . .

nip
neq

ip
− 1

)
×∆γeq

fi + wash-out terms (43)

f1 in the final state of the contributing processes

out-of-equilibrium initial state

 ∆nf1 source term

[detailed derivation in Racker ’19]

https://link.springer.com/article/10.1007/JHEP02(2019)042


Example: Leptogenesis with Dirac neutrinos

• Introduced in Phys. Rev. Lett. 84 (2000) 4039 [Dick, Lindner, Ratz, and Wright 2000]

• Lepton-number conserving decays of heavy particles

• Right-handed neutrinos decoupled from the bath develop asymmetry opposite to
that of standard-model leptons

YB =
28

79
YB−LSM =

28

79
∆νR (44)

[Kuzmin, Rubakov, Shaposhnikov ’85; Harvey, Turner ’90]

L =
1

2
L̄cFiLX†

i + ēc
RGiνRX†

i + H.c. (45)

[Heeck, Heisig, Thapa ’23a]

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.84.4039
https://doi.org/10.1016/0370-2693(85)91028-7
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.42.3344
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.108.035014
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Example: Leptogenesis with Dirac neutrinos

∆|TXi→νReR |
2 =

νR

eR

Xj

νL

eL

Xi Xi −

νL

eL

Xj

νR

eR

Xi Xi (47)

∆|TXi→νLeL |
2 =

νL

eL

Xj

νR

eR

Xi Xi −

νR

eR

Xj

νL

eL

Xi Xi (48)

∆|TXi→νReR |
2 +∆|TXi→νLeL |

2 = 0 (46)



Example: Leptogenesis with Dirac neutrinos

∆|TνReR→Xi |2 =
Xi

νL

eL

Xj

νR

eR

νR

eR

−
Xj

νL

eL

Xi

νR

eR

νR

eR

(49)

∆|TνReR→νLeL |
2 =

Xj

νL

eL

Xi

νR

eR

νR

eR

−
Xi

νL

eL

Xj

νR

eR

νR

eR

(50)

∆|TνReR→Xi |2 +∆|TνReR→νLeL |
2 = 0 (51)



Dirac leptogenesis without heavy particles?

L =
1

2
L̄cFiLX†

i + ēc
RGiνRX†

i + H.c. MX � Treh (52)

[Heeck, Heisig, Thapa ’23b]

(((((((hhhhhhh∆|TνReR→Xi |2 +∆|TνReR→νLeL |
2 = 0 (53)
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Dirac leptogenesis without heavy particles?

L =
1

2
L̄cFiLX†

i + ēc
RGiνRX†

i + H.c. MX � Treh (52)

[Heeck, Heisig, Thapa ’23b]

SU(3)× SU(2)× U(1) spin (B − L)(X) asymmetry-generating operators

(1, 1,−1) 0 −2 νReRX†,LLX†

(1, 2, 1/2) 0 0 H̄X , ν̄RLX , L̄eRX , Q̄dRX , ūRQX ,X†H†HH

(3, 1,−1/3) 0 −2/3 dRνRX†, uReRX†,QLX†, uRdRX ,QQX

(3, 1, 2/3) 0 −2/3 uRνRX†, dRdRX

(3, 2, 1/6) 0 4/3 Q̄νRX , d̄RLX

(1, 2,−1/2) 1/2 −1 X̄L, ν̄RXH , X̄eRH

[Heeck, Heisig, Thapa ’23a]

https://doi.org/10.1103/PhysRevD.108.059902
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.108.035014


Dirac leptogenesis without heavy particles?

L = Q̄cFiLX†
i + d̄c

RGiνRX†
i + ūc

RKieRX†
i + H.c. MX � Treh (54)

[Blažek, Heeck, Heisig, Maták, Zaujec ’24]

SU(3)× SU(2)× U(1) spin (B − L)(X) asymmetry-generating operators

(1, 1,−1) 0 −2 νReRX†,LLX†

(1, 2, 1/2) 0 0 H̄X , ν̄RLX , L̄eRX , Q̄dRX , ūRQX ,X†H†HH

(3, 1,−1/3) 0 −2/3 dRνRX†, uReRX†,QLX†, uRdRX ,QQX

(3, 1, 2/3) 0 −2/3 uRνRX†, dRdRX

(3, 2, 1/6) 0 4/3 Q̄νRX , d̄RLX

(1, 2,−1/2) 1/2 −1 X̄L, ν̄RXH , X̄eRH

[Heeck, Heisig, Thapa ’23a]

https://link.aps.org/doi/10.1103/PhysRevD.110.055042
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.108.035014


Dirac leptogenesis without heavy particles?

L = Q̄cFiLX†
i + d̄c

RGiνRX†
i + ūc

RKieRX†
i + H.c. MX � Treh (54)

[Blažek, Heeck, Heisig, Maták, Zaujec ’24]

∆|Tfi |2 =
∑

n

(
iTiniTnf iTfi − iTif iTfniTni

)
− . . .

e

ν

e

ν

L

L

= L

L

e

ν

e

ν

d

ν

u

e

Q

L

6= Q

L

d

ν

u

e

[see also Roulet, Covi, Vissani ’98, Botella, Nebot, Vives ’06]

https://link.aps.org/doi/10.1103/PhysRevD.110.055042
https://doi.org/10.1016/S0370-2693(98)00135-X
https://iopscience.iop.org/article/10.1088/1126-6708/2006/01/106


Dirac leptogenesis without heavy particles?

L = Q̄cFiLX†
i + d̄c

RGiνRX†
i + ūc

RKieRX†
i + H.c. MX � Treh (54)

[Blažek, Heeck, Heisig, Maták, Zaujec ’24]

• B and L individually conserved

• first generation only, ignoring SM interactions at Treh > 3× 1013 GeV
[Bento ’03, Garbrecht, Schwaller ’14]

https://link.aps.org/doi/10.1103/PhysRevD.110.055042
https://iopscience.iop.org/article/10.1088/1475-7516/2003/11/002
https://iopscience.iop.org/article/10.1088/1475-7516/2014/10/012


Dirac leptogenesis without heavy particles?

L = Q̄cFiLX†
i + d̄c

RGiνRX†
i + ūc

RKieRX†
i + H.c. MX � Treh (54)

[Blažek, Heeck, Heisig, Maták, Zaujec ’24]

• B and L individually conserved

• first generation only, ignoring SM interactions at Treh > 3× 1013 GeV
[Bento ’03, Garbrecht, Schwaller ’14]

∆dR +∆uR +∆Q = 0 ∆νR +∆eR +∆L = 0

∆νR = ∆dR ∆L = ∆Q ∆eR = ∆uR

 ∆a ≡
na − nā

s
(55)

https://link.aps.org/doi/10.1103/PhysRevD.110.055042
https://iopscience.iop.org/article/10.1088/1475-7516/2003/11/002
https://iopscience.iop.org/article/10.1088/1475-7516/2014/10/012


Dirac leptogenesis without heavy particles?

Xi

νR

dR

L

Q

Xi

νR

dR

eR

uR

Xi

eR

uR

L

Q

〈σ1v〉 =
16

3π

T2

ζ(3)2

∑
i,j

F∗
i FjG∗

j Gi
M 2

i M 2
j
≡ 16

3π

T2

T4
reh

α1

ζ(3)2
≈ T2

T4
reh

α1 (56)

〈σ2v〉 =
8

3π

T2

ζ(3)2

∑
i,j

K∗
i KjG∗

j Gi
M 2

i M 2
j
≡ 8

3π

T2

T4
reh

α2

ζ(3)2
≈ 1

2

T2

T4
reh

α2 (57)

〈σ3v〉 =
16

3π

T2

ζ(3)2

∑
i,j

F∗
i FjK∗

j Ki
M 2

i M 2
j
≡ 16

3π

T2

T4
reh

α3

ζ(3)2
≈ T2

T4
reh

α3 (58)



Dirac leptogenesis without heavy particles?

dYνR

dx
=− 1

x4

Γ

H

∣∣∣∣
Treh

(
YνR −Y eq

νR

)
Γ =

5

9
sY eq

νR

(
〈σ1v〉+ 〈σ2v〉

)
(59)

YνR(x) =
135ζ(3)

8π4h∗

(
1− exp

[
− Γ

H

∣∣∣∣
Treh

x3 − 1

3x3

])
(60)
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Dirac leptogenesis without heavy particles?

∆|TνRdR→LQ|2 =
Xk

L

Q

Xj

eR

uR

Xi

νR

dR

νR

dR

−
Xk

eR

uR

Xj

L

Q

Xi

νR

dR

νR

dR

(61)

∆|TνRdR→eRuR |
2 =

Xk

eR

uR

Xj

L

Q

Xi

νR

dR

νR

dR

−
Xk

L

Q

Xj

eR

uR

Xi

νR

dR

νR

dR

(62)

∆|TνRdR→LQ|2 +∆|TνRdR→eRuR |
2 = 0 (63)

[Blažek, Heeck, Heisig, Maták, Zaujec ’24]

https://link.aps.org/doi/10.1103/PhysRevD.110.055042


Dirac leptogenesis without heavy particles?
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2 =

Xk

eR

uR

Xj
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Q
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dR

−
Xk

L

Q

Xj

eR

uR

Xi

νR

dR

νR

dR

(64)

∆〈σ1v〉 = −∆〈σ2v〉 ≡
64

π2

T4

T6
reh

ε

ζ(3)2
≈ T4

T6
reh

ε (65)

[Blažek, Heeck, Heisig, Maták, Zaujec ’24]

https://link.aps.org/doi/10.1103/PhysRevD.110.055042


Freeze-in and wash-in

(
d∆L
dx

)
source

= −
(

d∆eR

dx

)
source

→
(

d∆νR

dx

)
source

= 0 (66)

(
d∆L
dx

)
wash-out

6= −
(

d∆eR

dx

)
wash-out

→
(

d∆νR

dx

)
wash-in

6= 0 (67)

[see also Domcke, Kamada, Mukaida, Schmitz, Yamada ’21, Aristizabal, Nardi, Muñoz ’09]

https://doi.org/10.1103/PhysRevLett.126.201802
https://link.aps.org/doi/10.1103/PhysRevD.80.016007


Freeze-in and wash-in

d∆L
dx

=
Y eq

νR

H
ds
dx

{
∆〈σ1v〉
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Freeze-in and wash-in
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Numerical solution for Treh = 1014 GeV
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x = Treh/T
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10−2

|∆νR
|

|∆eR
|

ΣνR

α1 = 1.3× 10−5, ε = 1.3× 10−8

〈σ1v〉 =1.5× 10−33 GeV−2/x2

|∆〈σ1v〉| =6.0× 10−36 GeV−2/x4
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x = Treh/T
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|

ΣνR

α1 = 2.6× 10−3, ε = 4.9× 10−7

〈σ1v〉 =3.1× 10−31 GeV−2/x2

|∆〈σ1v〉| =2.2× 10−34 GeV−2/x4



Summary II.
• Holomorphic cutting rules allow for easy tracking of asymmetry cancellations due to

the CPT and unitarity constraints.

• Leptogenesis with νR as the only out-of-equilibrium particles is possible. Their
asymmetry is washed in, although the source term vanishes.

Thank you for your attention!
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